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Abstract

In the paper we propose a series of convolution identities for the sequence of Catalan numbers.
The proofs of two of them are provided and the other identities are proposed as conjectures. We
include a simple Maple code to generate and confirm the identities.

Keywords: Catalan number; convolution identity; binomial.


https://mjms.upm.edu.my

I.Rakhimov et al. Malaysian ]. Math. Sci. 16(4): 771-782 (2022) 771 - 782

1 Introduction

Probably the most prominent among the special integers that arise in combinatorial contexts
are the binomial coefficients (" ). In this paper we discuss an important sequence called Catalan
numbers. The sequence of Catalan numbers C,, was described in the 18th century by Leonhard
Euler. The sequence is named after the Belgian mathematician Eug’ene Charles Catalan.

The nth Catalan number is given directly in terms of binomial coefficients as follows,

1 [/2n (2n)!
= = > 0.
Cn n+1(n> (n+1)In! forn 20 1)

The first Catalan numbers forn = 0,1, 2, 3,4, 5, ... are

1, 1,2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, ...
For detailed information, please refer to the monograph [2].
A recursive definition of C,, have been given by L.Euler in 1761 as follows,

4n — 2

Co=1, C,=
0 ) ’fl+1

Cnfl, n Z 1.

Although Euler and Catalan are recognised for discovering the Catalan numbers’ sequence,
some believe that a Chinese mathematician named Antu Ming (1692-1763) was the pioneer. In the
1730’s, he focused on the geometric meaning of the Catalan number. He worked at the Qing court
in China as an astronomer, mathematician, and topographic scientist. He is called Minggatu (full
name Sharabiin Myangat), Ming Antu (Chinese name) and Jing An (courtesy name). Ming Antu
wrote a book Quick Methods for Accurate Values of Circle Segments, which contained several
trigonometric identities and power series, some concerning Catalan numbers.

Ming Antu also obtained the recurrence formula

" n+1—s
Cl == ].7 CQ == 27 Cn+1 == Z(—l)s< )Cns
= s+1

He seems to have no hint of a combinatorial interpretation of Catalan numbers.

Ming Antu’s book was published only in 1839, and the connection to Catalan numbers was
observed by Luo Jianjin in 1988 (see [3, 4] and for further information also see [11] (Appendix

B)).

Eugene Charles Catalan (1814-1894) “rediscovered” the Catalan Numbers while exploring
well-formed sequences of parentheses in 1838. He was a Belgian mathematician who stated the
famous Catalan conjecture. Although this set of numbers is named after him, he was not the first
to discover these numbers.
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The Catalan sequence also was worked out by Leonhard Euler(1707-1783), who was interested
in the number of different ways of dividing a polygon into triangles. L. Euler reviewed this number
set related to the triangulations of convex polygons. He established a recursive formula in 1761 and
collaborated with Hungarian mathematician, Johann von Segner (1704-1777), to derive a second
order recurrence relation.

Gabriel Lame (1795-1870), was a French mathematician who used Euler’s recursive formulae
to find an explicit formula in 1838.

In spite of a numerous generalizations and recursive formulae, books written, papers pub-
lished and applications given the sequence of Catalan numbers is still of scientists’ great interest
(see [6, 7, 12] and others).

In this paper we propose a series of convolution identities for the sequence of Catalan numbers.
The identities came out from an intension to create isomorphism criteria for some classes of Leibniz
algebras. The identities have been used to create such isomorphism criteria for low-dimensional
filiform Leibniz algebrasin [9] (¢t = 5,6 and ¢t = 7 cases), [10] (¢t = 8) and [5] (t = 9, 10). All these
cases the corresponding identities were proven by computations. First time in the most general
form the identities were exhibited in [8]. Since then we received a lot of requests to provide the
proofs of the identities. In fact, a hint was given in [8] to use a combination of properties of the
binomials and Catalan numbers. To prove the identities for £k = 1 and k& = 2 we used the so-called
“halving trick”.

The organization of the paper is as follows. In Section 2 we recall some statements and iden-
tities on the binomial coefficients and Catalan numbers. The convolution identities for Catalan
numbers are exhibited in Section 3. In APPENDIX section of the paper we include a simple Maple
code to generate and verify the identities proposed for integers ¢t > 3and 1 <k <t —3.

2 Some auxiliary identities

The purpose of this section is to recall some identities on the sequence of Catalan Numbers
and Binomial Coefficients (without claiming any originality) to use them later, they can be found
in the literature (see, for example, [1, 2, 11]). These are included here in order to make the paper
a self-contained.

The definition of the binomial coefficients are given as follows

(n)_ n! :n(n—l)(an)...(nf(m—l)):n(n—l)(n72)...(m+1). @)

ml(n —m)! m! (n—m)!

The definition (2.1) supposes that n and m to be positive, but due to numerous applications of
(™) in mathematics and beyond one has to define it for negative numbers and fractional numbers
as well.

Binomial Coefficients for a factional number  as an upper index and an integer m as a lower
index are defined as follows

() _BE-DE-2). (- (m-1)

m!
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Proposition 2.1. The following relation between “halving” and Catalan numbers holds true

12
) - (71)3 1EC3_1.

Proof.

3(3-1(5-2)..(3=(s—-1))

(—1)"’*1.1.(251!—1)(2.2—1).....[(2.(3—1)—1)

—~
0 W=
~—

255!

1 s—11:3-5-...-(2s—3)
25!
_1)5-1 (2s—2)!

2551E2.4‘6...,(2s—2)]
25—2)!

255125—1(s—1)! N

1 s—1 (2s—2)!

—~

~ A~~~
!
~— =
P — — ~— —
[
|
-

I
~

[\

|

1

2

L

The definition of the binomial coefficients for a negative upper index is given as follows

(—n) _ —n(-n-1)(-n-2)...(-n-m+1)

m m!

mhmn+D(n+2)...(n+m—1)
m!

=(=1) SNE)

Accordingly for a factional number —% as an upper index and an integer m as a lower index it
becomes
<—§> _ —p(p—@)(=p—2¢)---[-p—(m—1)q

mP@+ (P +29)---[p+(m—1)q

qmm!

- (-1)

Proposition 2.2. One has the following identity
_1 1)
( 2) G IR

s 45

Proof. Indeed,

(%)

_1)s 1(42:D)-(142:2) ..o [142:(s=1)]
25s!

The following recurrent formula is proven by using generating function
Clz) = Z Cyz® = Cy+ Crz + Coz® + C32® + ...

s=0

for Catalan sequence {Cy, C1,Cy, ...}.
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Proposition 2.3. (Segner’s recurrence relation) For any natural number n = 0, 1,2, ... one has

chcnfs = Un+t1. (4)
s=0

Proof. Consider

C(:C)2 =1+ (COCl + ClCo)x + (C()CQ + C1C1 + CQC())(EQ + ... = Z (Z C’SC’ns> z°.

n=0 \s=0

Let A(z) = £ [2C(x)]. Then

Therefore,
C(x) = A(t)dt = dt = = (1 —+/1 — 4zx.
o) = [ A= [ i = 5( g
Hence,
1—+v1-4
Cla)= — Y- "%
2x
and
1-VI—4z 1 C@)-1 1 >
2_ - V- = - _ X\ - s _ s
C(l‘) - 2%2 T z x;csm ;OCS+1J,' .
Thus,

Cn+1 = i Can—s~
s=0

O
Proposition 2.4. For the sequence of Catalan numbers the following identity takes place
- n
ZSC’SC”_S = §Cn+1, wheren =0,1,2, ... (5)
s=0
Proof.
Y sCChe =) (n=1)CoCpp =1 CrCpy— Y 1CCry.
s=0 r=0 r=0 r=0
Therefore,
2> $C.Cns=nY CrCnp=nCpy1.
s=0 r=0
Thus,
Z SCanfs = gCnJrl-
s=0
O
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We also make use the following well-known Chu—Vandermonde Convolution formula (see
[2]):
Proposition 2.5. For rational «, 8 and a positive integer n the following holds true

>(62)- ()

s=0

3 The identities

In this section we set up two convolution identities for Catalan numbers and give proofs of
them.

Theorem 3.1. For Catalan numbers and for a natural number t, (t > 3) the following identities hold true

t=3 1 t—3
a) A(1) == 21< S—; >CSCF(1) = ( 1 )Ctz;

-3 —s—3

b 4Q) = & (T)(7)0Cmna = £ ()05 Gy = (50

s=

Proof. e Parta). We give two proofs of the identity. The first proving is based on the classical
identity (4) for Catalan numbers along with the identity (5) and the second one is to demon-
strate the proving technique applied in the proof of the convolution identity given in Partb).

- s+1 t=2
* A( ) Z Csct—s—Q == Z (5 + 1)CSOt—s—2 - Ot_g - (t — 1)Ct_2

s=0

t— t—2
= Z sCsCys—2 + Z CsCiosn —tCyg = 52C,_1 + Cyoy — tCy_g = tCy—1 — tCy_2
= t2(2t D0,y —1Cyg = (t —3)Cya = ("7 Ci_a.

t—3 S+ 1 t—3
* A1) =3 ( )cgcm) = Z(s—i— 1)CsCh_s_s

s=1

(_1)545 (*%) (_1)t737222(t7175)71 (tféfl)

S

1 1

=072 (£ () - (D) - (DO - (D)

t _1\t—2 t_2 o
— (—1)t2L (_(i)litgct_z _ MC 5+ MC} 1)

t _
= —tCy_o9 + (2t — 3)Ct72 = (t — 3)01572 = < 1 > Cy_o.

t—3 t—3 t—s—3
e Partb). A(2):= > ("IN (*NC:Crosa — 3 (517)Cs z CpCiop—s—2
s=1 s=1

t—3 t—3
=3 (s+1)(s = 1)CsChs2 — 2 Y (s +1)sCs(Cyos—1 — 2C;_5_2).
s=1 s=1
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First we make use of Propositions 2.1 to obtain

A(2) = Zl(—l)%s(‘%) [(t—2)Ci_g_n— (t — 5 — 1)Cy_s_s]

s=

S () MO (= 90k
S ()= s~ -5~ 1)

Then due to Proposition 2.2 continuing we get

A®) = T - )

s=1

— ;( )846( %)( 1)t78724t7872(t:§_2)

3 S D CDEE ) () + 3 B e (A e (S
# B P (A = DI ) - S (R ) o)
L= T (D ()~ ) S () ()
TS () 0T S ()
D= ) T () -0 E (D)
= L= 2) | D) - (D6 - DO - (D)
—a =[5 A () - (6D - ()]
4 2 (D) - (DG - (D - O - (D)
HE DD D) - (6D - (D - (D]
-1 [ £ (-3 - (D) - (DG - (DY)
—= =2 S (SR - (DD - (D)

Now we apply the Chu-Vandermonde Convolution formula (Proposition 2.5) and get
A@) =22 02 -2 [-(2) - (- (D] - 422 - - o)
—4 =D = () - () () - (- ()]
L) D) - () - () (-3 - <;_%>}

21
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Finally, converting the binomials into Catalan numbers by using Propositions 2.1 and 2.2 we
derive

4t—1 t—2 t—2 2 (71)t 2 71 t—1
A(2) = 27 (1) 2t - 2) [7(71) #rCiz = G (0= 1)Ciz - GEtCia

2( 4}) . (t _ 1)075—2] _ 4t—1(_1)t—1t [ ( )t 12 Ct 1

4t2 t2

1t2 1t1

()
SED 10, 2( - C0 e, ] <41>t(t+1)ct]
[(-1) G (t = 1)Cia (-3)]

_1t1

f 1

f 1
2( 4} T tCt—l -

A ()R- 1)[ (—1)2 2 Crs = G (¢ = 1)Ciad - S0

—at2 (1) 2 [(-1) 2 - 2GR (- 1)Cy s

= —(t—=2)Ctg— (t=2)(t = )Crg+ U2 C, | +2(t = 1)Cya + LC, 4
FUNC, 4+ £C0 ., - G 10, —2(t = 1)Chy

—(t=1)2Cy_5 + t“;”ct_l +2(t—1)Cy_s

= [7(t72) —(t=2)(t—1)+2(t— 1)+ LD (t—1)2] Ci_s

+ [t(t 2) 4t + £ >y t(t Vo, — t(ti—l)ct

_ =3¢’ —&-211t—60t72 + t(3t2—4) Cyq — t(t+1)ct

3t y11 (3t—4) 2(2t—3 t(t+1) 4(2t—1)(2t—3
— =346y (2 ) (t VO o — (4 ) 4( (tll) VO, o

—3t%+11t—6+4t>—18t+18 t2—7t412 t—3)(t—4 t—3
= + 2+ +H8y = 2+ Cy_og = ( )2( )C«t_2 _ ( ; )Ct—Q-

3.1 IR Conjecture

In this section we propose generalizations of the identities given in Theorem 3.1. The identities
have been confirmed numerically in Maple (corresponding Maple Code is provided in APPENDIX
section). To simplify the view of the convolution identities we introduce the following function:

F(n)=t—2—>_ s;, for a natural number n, where t is a natural number (¢t > 3).

i=1
Theorem 3.2. (Theorem-Conjecture) For any positive integers t (t > 3) the following convolution
identities take place

AG= L () (751 CaCray
s1=
t=3 ) ) F(1)—1
- Zl (ziJ—rl) (81 )051 521 CSQCF(Q
s1= 2
F(1)-1 F(2)-1

t—3
+ 3 ()0, X Cy Y CuCris = (5)Cia
s1=2 so=1 s3=1
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A4)= 21 (") (%) CaCray
S1
t—3 . . F(1)—1
X Eene z, co6m
S1= S92
‘-3 ) . 1)-1 F(2)-1
+ 3 (L)) e S e
51=2 so=1 s3=1
t—3 F(1)-1 F(2)—1 F(3)-1
o Z (zité)cﬁ Z 052 Z 053 Z CS4OF(4) = (tf)ct—z;
$1=3 so=1 s3=1 sa4=1
A(5)= i (s1+1) (sl 1)081CF
t—3 1 ) F(1)-1
- X GI)05)C X CuCra
s1=1 so=1
t—3 F(1)—1 F(2)—1
+ 2 ()0 X Cu X CuCrg
$1=2 so=1 s3=1
+—3 » . F(1)-1 F(2)—1 F(3)—1
B ZS (21—3) (51 )Csl 21 CS? Z Css 21 C’SALC’F
S1= 52 S3 S4
F(1)-1 F(2)-1 F(3)-1 F(4)-1
+ Z (2:11)051 El CSQ Zl 033 Zl 054 Zl CsscF(S) = (tgg)ct—z-
s1=4 So= S3= S4= S5=

In general, for any positive integers t (t > 3) and k (1 < k < t—3) the following convolution identities
hold true

t—3
A= S ()0 Cro)

t—3 s141y (s1—1 F(1)-1
- Zl (si—l)(kl—Q)Csl 21 Csch(2)
S1= So=
t—3 s141) (51—1 F(1)-1 F(2)—
+ 22 (31—2)(];—3)051 Zl C(82 Z CSSCF(S)
S1= So= ?3—
_ . ) F(1)—1 F(2)—1 F(4)—1
Z (7) ()0 X Co X Csp 3 CsCr
1=3 so=1 s3=1 sa=1
_ 1 . F(1)-1 F(r)—1
+...+(_1)TS§T (si_T)(ze—?m))CSl 22= CSz"'s;:leMCF(m)
t—3 41 . F(1)-1 F(k—2)—1
O VA SIS [ M »RTC AR S M AT
S1=Kk— s2=1 Sk—1
-3 . F(1)—1 F(k—2)—1 F(k—1)—1 s
+H(=DF 2 1(51?@71))081 2 COuor 3 G 30 CuCray = (57) i
s1=k— so= Sp_1= sp=1
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4 Conclusions

The authors believe that there is a well-favoured proofs of the identities exhibited in the paper.
By publishing this paper we would like to draw an attention of the experts in combinatorics and
expect more shorter proofs of the identities conjectured.

Acknowledgement. The authors would like to thank the reviewers for their valuable comments
and suggestions which much improved the presentation of the paper.

Contflicts of Interest. The authors declare no conflict of interest.
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A APPENDIX

In this section we provide a Maple code to verify the identities (as a sample it is chosen ¢ = 13

and k = 4).
Maple Program:

Synopsis:

1. To verify the identities:

e Choose t;
e Generate Catalan numbers C,, s = 1,2, ...,t — 3;
e Choose k, where k <t — 3;

e Generate the identities.

2. Output is the confirmation.

Procedure:

> t=13n:=1-3C; =1L

=
(2:4)1

[ Chaaa

> forifrom lton+ 1do C =

i
> F(i) =t—2— ) s[I;
" i=1
- k=
> ir_identity == proc( k, .")]
local Z, G. i.j. r:

_ S (s[1l+1)(s[1]-1 ,
211 &= S%:l [ s[1] ][ k—1 )Cs[IJCF(l)‘
for » from 2 to kdo

G[r] = C[F(r)];

forjfrom 1 tok— 1do
Fir—j)—1

Glr—jl= D  Clslr—j+1]]1-G[r—j+1];
s[r—j+1]=1
end do:
=3
1= (-1)7—1. s[1]+1 s[1]—1]‘ .
Z[r]=(-1) 5[1]=}._1[s[1]7r+1][ b up C[s[1]] G[1]:
end do;
E
return > Z[ ]
i-1
end proc:

> ir_identity(k, t) = ('f _k 3)0

t—2
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